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Abstract
In this work, the existence of bounded weak solutions is obtained for the Cauchy problem of a symmetrically
hyperbolic system, arising in such areas as elasticity theory, magnetohydrodynamics, and enhanced oil recovery.
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1. Introduction
In this work, we are concerned with a hyperbolic system of two equations with symmetry{
ut + (uφ(r))x = 0,
vt + (vφ(r))x = 0 (1.1)
with bounded measurable initial data
(u(x, 0), v(x, 0)) = (u0(x), v0(x)), (1.2)
where φ(r) is a nonlinear symmetric function of u, v with r = u2 + v2. System (1.1) is of interest
because it arises in such areas as elasticity theory, magnetohydrodynamics, and enhanced oil recovery
(cf. [3,4]).
Let F be the mapping from R2 into R2 defined by
F : (u, v) → (uφ(r), vφ(r)).
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Then two eigenvalues of dF are
λ1 = φ(r), λ2 = φ + 2rφ′(r) (1.3)
with corresponding right eigenvectors
r1 = (−v, u)T , r2 = (u, v)T . (1.4)
By simple calculations,
∇λ1 · r1 = 0, ∇λ2 · r2 = 6rφ′(r) + 4r2φ′′(r). (1.5)
Therefore, from (1.3) the strict hyperbolicity of system (1.1) fails at the points where rφ′(r) = 0, and
from (1.5) the first characteristic field is always linearly degenerate and the second characteristic field is
either genuinely nonlinear or linearly degenerate, depending on the behavior of φ.
In this work, we assume that
φ ∈ C2(R+), meas {r : 3φ′(r) + 2rφ′′(r) = 0} = 0. (1.6)
Therefore the second characteristic field could be linearly degenerate on a set of Lebesgue measure
zero.
The study of the Cauchy problem (1.1) and (1.2) by using the compensated compactness method
started from [1], where Chen first considered the propagation and cancellation of oscillations for the
weak solution. Along the second genuinely nonlinear characteristic field, the initial oscillations cannot
propagate and are killed instantaneously as time evolves, but along the first linearly degenerate field, the
initial oscillations can propagate.
Consider the Cauchy problem for the related parabolic system{
ut + (uφ(r))x = εuxx ,
vt + (vφ(r))x = εvxx (1.7)
with the initial data (1.2).
We have the main result in this work:
Theorem 1. (1) Let the initial data (u0(x), v0(x)) be bounded measurable. Then for fixed ε > 0, the
viscosity solution (uε(x, t), vε(x, t)) of the Cauchy problem (1.7) and (1.2) exists and is uniformly
bounded with respect to the viscosity parameter ε.
(2) Moreover, if condition (1.6) holds, then there exists a subsequence of r ε = (uε)2+(vε)2 (still labelled
r ε) which converges pointwisely to a function l(x, t).
(3) If v0(x) ≥ c0 > 0 for a constant c0 and the total variation of u0(x)v0(x) is bounded in (−∞,∞) then there
exists a subsequence of (uε, vε) (still denoted by (uε, vε)) which converges pointwisely to a pair of
functions (u(x, t), v(x, t)) satisfying l(x, t) = u2(x, t)+v2(x, t), which, combining with (2), implies
that the limit (u, v) is a weak solution of the hyperbolic system (1.1) with the initial data (1.2).
Remark 1. Since (uε, vε) is uniformly bounded with respect to ε, its weak-star limit (u, v) always exists.
However, the strong limit l(x, t) of (uε)2 + (vε)2 need not equal u(x, t)2 + v(x, t)2. If this equality is
true, then, at least, (u, v) is a weak solution of (1.1) and (1.2) without any more conditions such as are
given in part (3).
The proof of Theorem 1 will be given in the next section.
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2. Proof of Theorem 1
To prove the existence of the viscosity solution in Theorem 1, from a basic theorem in [2], it is
sufficient to get the uniform L∞ bound.
Multiplying the first and second equations of the parabolic system (1.7) by 2u and 2v, respectively,
then adding the result, we have
rt + rxφ(r) + 2r(φ(r))x = εrxx − 2ε(u2x + v2x ) (2.1)
or
rt + f (r)x ≤ εrxx , (2.2)
where
f (r) =
∫ r
0
φ(s) + 2sφ′(s)ds. (2.3)
Since the initial data is bounded, r(0, t) is bounded from above. Using the maximum principle to (2.2),
we get r = (uε)2 + (vε)2 ≤ M , which implies the uniform boundedness of (uε, vε) and, hence, the
existence of the viscosity solutions.
To prove the second part of Theorem 1, namely the strong convergence of r ε, we multiply Eq. (2.1)
by a test function φ, where φ ∈ C∞0 (R × R+) satisfies φK = 1, 0 ≤ φ ≤ 1, and S = suppφ for an
arbitrary compact set K ⊂ S ⊂ R × R+. Then, we have that∫ ∞
0
∫ ∞
−∞
2ε((uεx)
2 + (vεx )2)φdxdt
=
∫ ∞
0
∫ ∞
−∞
(εrxx − rt − f (r)x)φdxdt
=
∫ ∞
0
∫ ∞
−∞
εrφxx + rφt + f (r)φxdxdt ≤ M(φ)
(2.4)
and hence
ε(uεx)
2 and ε(vεx )2 are bounded in L1loc(R × R+). (2.5)
Let (η(r), q(r)) be any pair of entropy–entropy fluxes of the scalar equation
rt +
(∫ r
0
φ(s) + 2sφ′(s)ds
)
x
= 0 (2.6)
and multiply (2.1) by η′(r). Then
η(r)t + q(r)x
= ε(η′(r)rx)x − εη′′(r)r2x − 2εη′(r)(u2x + v2x )
= I1 − I2 − I3,
(2.7)
where I1 is compact in W−1,2loc and I2 + I3 are bounded in L1loc(R × R+), and hence compact in W−1,αloc
for α ∈ (1, 2), by (2.5). Noticing that η(r)t + q(r)x is bounded in W−1,∞, and using Murat’s theorem
(cf. [6]), we get the proof that
ηi (r
ε(x, t))t + qi(r ε(x, t))x are compact in W−1,2loc (R × R+), (2.8)
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for i = 1, 2, where
(η1(r), q1(r)) = (r − k, f (r) − f (k)) (2.9)
and
(η2(r), q2(r)) =
(
f (r) − f (k),
∫ r
k
( f ′(s))2ds
)
, (2.10)
and k is an arbitrary constant. Thus, if we consider that r is an independent variable, noticing the
condition (1.6) on f , which is exactly the same as the proof of Tartar (cf. [7]), we get the proof of
r ε(x, t) → l(x, t), almost everywhere.
Now we are going to prove the third part of Theorem 1, namely the strong convergence of
(uε(x, t), vε(x, t)) → (u(x, t), v(x, t)).
Since v0(x) ≥ c0, using Theorem 6 in [5], we have that vε ≥ c(t, c0, ε) > 0.
By simple calculations, we have from system (1.7) that
(u
v
)
t
+ λ1
(u
v
)
x
= ε
(u
v
)
xx
− ε
(
2u
v3
v2x −
2
v2
uxvx
)
= ε
(u
v
)
xx
+ 2ε
v
vx
(ux
v
− u
v2
vx
)
= ε
(u
v
)
xx
+ 2ε
v
vx
(u
v
)
x
,
(2.11)
where, for simplicity, we omit the superscript ε in the viscosity solutions (uε, vε). Therefore uε
vε
is
uniformly bounded with respect to ε when we use the maximum principle for (2.11).
Differentiating Eq. (2.11) with respect to x and then multiplying the sequence of smooth functions
g′(θ, α)sign θx by the result, where θ = (uεvε )x , we have
g(θ, α)t + (λ1g(θ, α))x + (g′(θ, α)θ − g(θ, α))λ1x
= εg(θ, α)xx − εg′′(θ, α)θ2x +
(
2ε
vε
vεx g(θ, α)
)
x
+
(
2ε
vε
vεx
)
x
(g′(θ, α)θ − g(θ, α)).
(2.12)
Choosing g(θ, α) such that g′′(θ, α) ≥ 0, g′(θ, α) → sign θ, g(θ, α) → |θ | as α → 0, we have from
(2.12)
|θ |t + (λ1|θ |)x ≤ ε|θ |xx +
(
2ε
vε
vεx |θ |
)
x
(2.13)
in the sense of distributions. Integrating (2.13) in R × [0, t], we have∫ ∞
−∞
|θ |(x, t)dx ≤
∫ ∞
−∞
|θ |(x, 0)dx ≤ M, (2.14)
which implies the pointwise convergence of a subsequence of uε
vε
. Combining this with the result in
the second part of Theorem 1, we get the pointwise convergence of a subsequence of (uε, vε) → (u, v),
where the limit (u, v) is clearly a weak solution of the Cauchy problem (1.1) and (1.2). Thus we complete
the proof of Theorem 1.
526 Y.-g. Lu / Applied Mathematics Letters 19 (2006) 522–526
Acknowledgment
This work is partially supported by a Humboldt fellowship.
References
[1] G.-Q. Chen, Hyperbolic system of conservation laws with a symmetry, Commun. PDE 16 (1991) 1461–1487.
[2] K.N. Chueh, C.C. Conley, J.A. Smoller, Positive invariant regions for systems of nonlinear diffusion equations, Indiana
Univ. Math. J. 26 (1977) 372–411.
[3] B. Keyfitz, H. Kranzer, A system of nonstrictly hyperbolic conservation laws arising in elasticity, Arch. Ration. Mech.
Anal. 72 (1980) 219–241.
[4] T.-P. Liu, J.-H. Wang, On a hyperbolic system of conservation laws which is not strictly hyperbolic, J. Differential Equations
57 (1985) 1–14.
[5] Y.-G. Lu, Singular limits of stiff relaxation and dominant diffusion for nonlinear systems, J. Differential Equations 179
(2002) 687–713.
[6] F. Murat, Compacité par compensation, Ann. Scuola Norm. Sup. Pisa 5 (1978) 489–507.
[7] T. Tartar, Compensated compactness and applications to partial differential equations, in: R.J. Knops (Ed.), Research Notes
in Mathematics, Nonlinear Analysis and Mechanics, Heriot-Watt Symposium, vol. 4, Pitman Press, London, 1979.
